Strong nonlinear optical mechanisms operating in a miniaturized environment have a key role in photonics since they allow complex and versatile light manipulation within subwavelength devices. On the other hand, due to its two-dimensional planar geometry, graphene can easily be embedded within miniaturized structures and has fascinating linear and nonlinear optical properties arising from its relativistic electron dynamics. However, very few light steering graphene-based setups with a strong nonlinear behavior have been proposed since, due to its intrinsic planar localization, graphene nonlinearity has to be exploited through novel schemes not available in standard bulk nonlinear optics. Here we show that an active cavity hosting a graphene sheet, when tuned near its lasing threshold, is able to isolate the spatially localized graphene nonlinearity thus producing a very strong nonlinear device response with multi-valued features. The proposed strategy for exploiting graphene nonlinearity through its baring could open novel routes for conceiving ultraefficient nonlinear photonic devices.
Strong nonlinear optical mechanisms operating in a miniaturized environment have a key role in photonics since they allow complex and versatile light manipulation within subwavelength devices. On the other hand, due to its two-dimensional planar geometry, graphene can easily be embedded within miniaturized structures and has fascinating linear and nonlinear optical properties arising from its relativistic electron dynamics. However, very few light steering graphene-based setups with a strong nonlinear behavior have been proposed since, due to its intrinsic planar localization, graphene nonlinearity has to be exploited through novel schemes not available in standard bulk nonlinear optics. Here we show that an active cavity hosting a graphene sheet, when tuned near its lasing threshold, is able to isolate the spatially localized graphene nonlinearity thus producing a very strong nonlinear device response with multi-valued features. The proposed strategy for exploiting graphene nonlinearity through its baring could open novel routes for conceiving ultraefficient nonlinear photonic devices.
Achieving versatile and externally driven light manipulation at chip-scale is a basic task of modern photonics since it would provide those optoelectronic circuit components (e.g. optical transistors, logic gates, etc.) required for devising a novel generation of ultra-high speed computing devices. After its efficient production through exfoliation, graphene has soon been identified as an excellent optoelectronic material [1, 2] since the Dirac cone characterizing its electronic band structures provides a large carrier mobility yielding broadband and very efficient light-coupling [3] . Besides chemical potential strongly affects graphene electron dynamics so that the optical response can be both structurally designed through chemical doping and rapidly driven through ex-
FIG. 1:
Graphene-assisted cavity geometry. Geometry of the graphene layer embedded within a gain medium (G) enclosed by two metallic (Ag) mirrors. The cavity is illuminated by an inclined monochromatic wave (i) which produces reflected (r) and transmitted waves (t). The cavity is also illuminated by an inverting pump beam.
ternally applied bias voltages. Accordingly a number of graphene-based devices have been proposed as polarizers [4] [5] [6] , optical modulators [7] [8] [9] [10] , photodetectors [11] [12] [13] [14] , saturable absorbers and mode-locked ultrafast lasers [15] [16] [17] . In addition, the linear band structure provides graphene a large and broadband Kerr-like optical nonlinearity since at each photon frequency there is an available interband optical transition [18] [19] [20] [21] [22] [23] . Accordingly, a number of remarkable effects due to such pronounced nonlinearity have been considered such as efficient third harmonic generation [24] , nonlinear surface plasmons propagation [25] , propagation of nonlinear modes through dielectric waveguides hosting graphene sheets [26] and nonlinear optical propagation in graphene-clad tapered fibers [27] .
Even though remarkable such achievements have the common drawback of requiring relatively large optical powers as a consequence of the absolute smallness of the graphene nonlinear susceptibility (which is yet much larger than that of insulating materials [20] ). Therefore, as in standard nonlinear optics without graphene, a field enhancement mechanism has to support the graphenebased nonlinear setup for triggering a low-intensity strong nonlinear optical regime. Recently strong field enhancement effects have been considered in the presence of graphene [28, 29] . However, to the best of our knowledge, achieving feasible (low-intensity) nonlinear light steering by combining graphene optical nonlinearity with a field enhancement mechanism has been shown in a very single paper by Gu et al. [30] where the authors show that placing a graphene sheet on the top of a silicon photonic crystal hosting a high-Q cavity (responsible for a large in-cavity field enhancement) produces optical bistability, self induced regenerative oscillations and coherent fourwave mixing accessible at ultra-low optical intensities.
In this paper, we show that a graphene sheet, placed within an active cavity tuned near its lasing threshold, turns the linear cavity behavior into a very highly nonlinear one, transmissivity and reflectivity being multi-valued functions of both optical intensity and graphene chemical potential. Recently it has been proposed to use graphene sheets within passive optical cavities for achieving improved matter-radiation control [31, 32] . Here we consider a novel mechanism where the cavity at its lasing threshold literally bares the graphene nonlinearity since, in this situation, the field replication after a round trip inside the cavity amounts to a linear propagation compensation which, in turn, leaves graphene nonlinearity as the main agent ruling the cavity behavior. Generally, harnessing graphene nonlinearity in a bulk device is hampered by its intrinsic planar localization whereas the strategy discussed in this paper overcomes the difficulty just exploiting such localization. Since the proposed mechanism operates at ultra-low optical intensities and it is supported by a very simple setup we believe it can pave the way for the devising a novel generation of compact nonlinear light-steering devices.
I. RESULTS
Graphene-assisted cavity optical response. In Fig.1 , the graphene assisted cavity is sketched together with the geometry of the interacting electromagnetic field. The graphene sheet is embedded between two layers (G) of thickness L filled by a gain medium (e.g. a dyedoped polymer) enclosed by two metallic mirrors (Ag) of thickness d. The cavity is excited by a monochromatic inclined TE-polarized plane wave (i) producing reflected (r) and transmitted (t) fields. In our analysis we neglect the gain nonlinearity by self-consistently assuming the optical intensity within the bulk to be much smaller than the gain saturation intensity. As a consequence, propagation of laser radiation within the active medium (and through the mirrors) is purely linear, the free cavity (without graphene) being a standard linear optical device. Due to the extremely small thickness of the graphene layer, we model its effect through the matching conditions E 
where
Here the nonlinear corrections to the surface current have been taken into account up to the first order and the effect of higher harmonics generation have been neglected (see Methods). Both the linear surface conductivity σ 1 and its nonlinear correction σ 3 are strongly affected by the graphene chemical potential thus providing the system an overall tunability through chemical doping and electrical gating. Exploiting the spatial localization of the graphene nonlinearity it is simple to obtain the equation (see Methods)
joining the amplitudes E i and E t of the incident and transmitted waves, respectively. Here Ω and Λ are dimensionless complex factors depending on the radiation frequency, the inclination angle θ, and the gain medium and mirrors' slabs thicknesses and dielectric permittivities, ǫ G and ǫ Ag . Note that, if the nonlinear contribution to the surface current of Eq. (1) is negligible (σ 3 = 0), Eq.(2) yields
which is the transmittance function of the linear cavity.
Mechanism supporting the strong nonlinear regime. In order to investigate the transmittance T = |E t | 2 /|E i | 2 of the graphene-assisted cavity, it is convenient to introduce the dimensionless quantities
since Eq. (2), after taking the square modulus of both its member, yields
This is a simple and very general equation whose overall dependence on the specific device and excitation physical parameters has been fully absorbed in the parametrization of Eqs.(4). Here T is a real quantity proportional to the transmittance T and W is a complex parameter depending on the whole system status and excitation. In Fig.2a we plot the surface T on the complex plane W as evaluated from Eq. (5) and we stress that it describes the overall optical response of any graphene-assisted cavity. Note that, due to the cubic term (in turn produced by the graphene nonlinearity), T is generally a multi-valued function of W it assuming three different values within the shadowed region of Fig.2a . In Fig.2b we plot a portion of the region M (which is actually unbounded toward Re(W ) → −∞) of the complex plane W on which the system transmittance is multi-valued. Therefore, we conclude that the system supports a strong nonlinear regime with a multi-valued transmittance whenever it is excited in such a way that W is in M.
The values of W belonging to the region M select the cavities actually hosting the predicted strong nonlinear regime and such region M allows the underlying physical supporting mechanism to be highlighted. The key observation is that the absolute value |W | on the region M of 1), cµ 0 |σ 3 ||E i | 2 ≪ 1 unless the incident optical intensities is so large to make Eq.(1) useless and, at the same time, to severely damage the structure through heating. Therefore, in order to trigger the strong nonlinear regime at feasible optical intensities, from the second of Eqs.(4) we conclude that, the necessary requirement is
Considering Eq. (3) we note that the condition in Eq.(6) would lead the transmissivity of the linear cavity to be greater than one and this can only occur if an energy supplying mechanism is present in the bulk, thus justifying our choice of a gain medium where embedding the graphene layer (see Fig.1a ). Condition in Eq.(6) corresponds to an active cavity operating close to one of its lasing threshold and this clarifies the physical mechanism supporting the strong nonlinear regime. Indeed, close to the lasing threshold, the wave inside the cavity starting from the graphene plane (z = 0 + ) makes a complete round trip and returns to the graphene plane (z = 0 − ) with almost the same amplitude and phase so that nonlinearity localized on the graphene plane, being the only residual agent not compensated by the cavity, can fully rule the field dynamics. We refer to this mechanism as the baring of the graphene nonlinearity produced by the cavity close to a lasing threshold. A different but equivalent way of grasping the same mechanism is observing that in Eq.(2) the nonlinear term (containing σ 3 ) is generally negligible thus leading to cavity to exhibit the linear response of Eq.(3). However, if condition in Eq. (6) holds, the linear contribution in the LHS of Eq. (3) is very small as well so that the other nonlinear term cannot be neglected with the result of producing a marked system nonlinear behavior. It is worth stressing that such strong nonlinear regime cannot be observed without graphene since the free cavity is a purely linear device and the localization of the nonlinearity on a single plane plays, as explained, a fundamental role.
Graphene nonlinearity baring at optical frequencies. We now discuss the predicted strong nonlinear regime in a realistic situation at optical frequencies. We consider a cavity whose mirrors are silver layers of thickness d = 0.22 µm and whose gain slabs are filled by Rhodamine 6G (Rh6G)-doped polymethyl methacrylate (PMMA) of thicknesses L = 0.7 µm. The cavity is pumped by an inverting laser beam at a wavelength of 532 nm. We have chosen λ = 565 nm as the field wavelength since it is near to the gain peak [34] . The silver and PMMA permittivities are, at the considered field wavelength, ǫ Ag = −11.9641 + 0.8310i and ǫ P M = 2.2282, respectively. The permittivity of the gain medium is given by [34] where I is the optical intensity within the medium bulk, I p is the pump intensity, I sp is the pump saturation intensity, I ′ se = I se (1 + I p /I sp ) (where I se = 300 kW/cm 2 ) is the field saturation intensity, σ e = 1.2×10 −16 cm 2 is the emission cross section and N T is concentration of the Rh6G molecules. We have chosen the strong pump saturation regime by setting I p /I sp = 5000 so that Conversely the oblique dashed lines correspond to states whose µc is held fixed and whose Ii is varied. The shadowed region M is the same as in Fig.2b and it contains the states where the cavity response is multi-valued. The intersections of the solid lines with M prove that in the considered Ii and µc ranges the cavity actually shows a highly nonlinear behavior with multi-valued response features.
As discussed in the above paragraph, Eq. (6) is the necessary requirement for observing the strong nonlinear regime. We have set µ c = 400 meV so that, using the expression for σ 1 (see Methods) and the above parameters, Ψ turns out to be a function of the incidence angle θ and the Rh6G molecules concentration N T and the cavity lasing thresholds are the zeros of this function. In Fig.3a we draw the logarithmic plot of Ψ around one of its zeros which is located at θ = 37.1783 deg, N T = 4.1720 × 10 18 cm −3 . Note that, even though the region where Ψ ≪ 1 is rather sharp in Fig.3a , the cavity threshold can be simply experimentally achieved by using a beam with small angular divergence around the predicted critical angle.
By slightly detuning the cavity from the lasing threshold, the highly nonlinear multi-valued behavior of the transmissivity appears. With all the above parameters fixed (except the chemical potential), we have chosen to investigate the system response for various chemical potentials in the range 397.7 meV < µ c < 397.85 meV (which are values sufficiently close to the above used µ c = 400 meV ) and various incident optical intensities I i = cǫ 0 |E i | 2 /2 spanning the range 200 W/m 2 < I i < 5200 W/m 2 . Using the expression for σ 3 (see Methods) we have evaluated the corresponding complex W parameters (see the second of Eqs. (4)) and we have plotted them on the complex plane in Fig.3b as oblique solid lines, each line corresponding to varying the chemical potential at a fixed incident intensity. In the same Fig.3b we have also reported the shadowed region M of Fig.2b (on a range of Re(W ) larger than that of Fig.2b ) and, for completeness, some oblique dashed lines each one corresponding to varying the incident intensity at a fixed chemical potential. The intersections of the solid oblique lines with the shadowed M region proves that on the considered ranges of µ c and I i the cavity actually shows a multivalued behavior of the transmissivity.
In Figs.4a and 4b we have plotted the cavity transmissivity T and reflectivity R = |E r | 2 /|E i | 2 evaluated from Eq.(5) in the ranges of µ c and I i considered in Fig.3b . Note the multi-valued structures of both T and R which are the key feature of the above discussed strong nonlinear regime. It is also worth noting that such strongly nonlinear behavior occurs when the system is excited by ultra-low optical intensities of the order of 1000 W/m 2 = 100 mW/cm 2 which are evidently small in comparison with those occurring in standard nonlinear optics.
In Figs.4c and 4d we report a comparison between the linear and the nonlinear cavity behavior. This is done by evaluating the cavity transmissivity and reflectivity at I i = 1 mW/m 2 (dashed lines) and I i = 5200 W/m 2 (solid lines). For I i = 1 mW/m 2 the effect of graphene nonlinearity is negligible so that dashed lines represent the linear graphene-assisted cavity response. It is worth noting that the discrepancy between linear and nonlinear behaviors is remarkable even for states at which the cavity response is not multi-valued (e.g on the range 397.755 meV < µ c < 397.81 meV on Figs.4c and 4d ) so that the strong nonlinear regime occurs in a region larger than the M region of Figs.2b and 3b. In Fig.4c  and 4d we also report the results of the full-wave simulations (see Methods) as dotted lines, performed to assure For Ii = 1 mW/m 2 the effect of graphene nonlinearity is negligible so that dashed lines represent the linear graphene-assisted cavity response. Note that a remarkable discrepancy between linear and nonlinear behavior also occurs on the range 397.76 meV < µc < 397.81 meV where T and R are not multi-valued so that the strong nonlinear regime occurs in a region larger than the M region of Figs.2b and 3b . The results of the full-wave simulations are also plotted as dotted lines. The lower and upper branches of both T and R have been obtained by gradually increasing from µc = 397.7 meV and decreasing from µc = 397.85 meV the chemical potential, respectively. stability of the predicted phenomenology. Specifically we have set µ c = 397.7 meV and have gradually increased this value, at each simulation using as initial guess the field profile obtained at the previous step. As a result we have obtained the lower branches of T and R as in Figs.4c and 4d, branches which stop at µ c = 397.755 meV where they bend upward. Analogously, as a second procedure, we have set µ c = 397.85 meV and gradually decreased this value with the same prescription of using the previous field profile as initial guess of each simulation. The upper branches of both T and R have been obtained and they stop at the value µ c = 397.745 meV . In addition to the evident agreement between theoretical and numerical predictions we stress that the adopted numerical route for achieving the different branches of T and R can in principle be used to experimentally prove the predicted bistability.
In Fig.5a we plot the real and imaginary parts of the electric field E y within the cavity (see Methods) specific of the state µ c = 397.76 meV of Figs.4c and 4d. Note that, in addition to the evident field enhancement produced by the cavity (since for, I i = 5200 W/m 2 , E i = 1.97 · 10 3 V /m), the electric field is practically left invariant by the reflection z → −z and this confirms our above reasoning that the field almost replicates itself after a complete round trip inside the cavity thus allowing the graphene nonlinearity on the plane z = 0 to strongly rule the cavity behavior. In Fig.5b we plot the optical intensity I within the cavity (see Methods) which, being much smaller then the above considered saturation intensity I ′ se ≃ 1500 M W/cm 2 self-consistently assures that the model for the gain medium we have used is correct. 2 so that the model for the gain medium we have used is self-consistently correct.
II. DISCUSSION
A novel strategy has been proposed to fully exploit the graphene nonlinearity for achieving a very strong nonlinear regime. Specifically it has been suggested and theoretically proved that a standard cavity hosting an active medium, when excited close to its lasing threshold, is able to isolate the planar localized graphene nonlinearity as a consequence of the field replication after a round trip inside the cavity. Such a graphene nonlinearity baring turns the simple linear cavity into a highly nonlinear photonic device whose response is achievable at very low optical intensity and it has a marked multivalued trait. Therefore, to the best of our knowledge, the proposed mechanism can also be placed among the first strategies to exploit graphene nonlinearity in bulk environment to achieve optical steering. A specific example has been considered at optical frequencies where all the above predicted features have been checked. It should be stressed that such example also highlights the efficiency of the proposed mechanism since, as it is well known, graphene nonlinearity at optical frequencies is much weaker than the remarkable one appearing in far infrared and terahertz ranges (note that very few graphenebased nonlinear optical setups have been proposed in literature). On the other hand, since suitable gain mechanism exist also at frequency lower than the optical ones, the proposed graphene nonlinearity baring can in principle be exploited at such lower frequencies where an even stronger nonlinear regime is therefore expected. Among the possible applications of the considered setup it is worth stressing that the predicted bistable response of both cavity transmissivity and reflectivity can be exploited to conceive devices for optical information processing such as, evidently, optoelectronic memory units operating at low optical intensity.
III. METHODS
Linear and nonlinear graphene conductivities. The surface conductivity of the graphene sheet, if k B T ≪ |µ c |, can be expressed as [33] 
where e is the electron charge,h and k B are Planck's and Boltzmann's constant, respectively, T is the temperature which is here fixed at 300 K, µ c the graphene chemical potential and Γ is a phenomenological scattering rate accounting for the graphene intrinsic losses which is here fixed at Γ = 0.43 meV. The nonlinear conductivity coefficient σ 3 for graphene is given by [19, 25] σ 3 = −i 3 32
where V F = 9.9 × 10 5 m/s is the Fermi velocity and α T ≈ 0.1 is a phenomenological parameter accounting for two photon absorption in graphene.
Graphene-assisted cavity response. The field interacting with the cavity is transverse electric (TE) so that, with reference to Fig.1 , it can be represented as E = e ik0(sin θ)x A y (z)ê y and H = e ik0(sin θ)x [A x (z)ê x + sin θA y (z)ê z ] /(cµ 0 ), where ω is the radiation frequency, k 0 = ω/c and A x ,A y are the independent field components. In order to exploit the transfer matrix approach, it is convenient to introduce the two component column vector A = (A x A y )
T for representing the field. The incident (i) and reflected (r) waves for z < −d− L are A i = e ik0 cos θ(z+d+L) (− cos θ 1) T E i , A r = e −ik0 cos θ(z+d+L) (cos θ 1) T E r whereas the transmitted wave for z > d + L is A t = e ik0 cos θ(z−d−L) (− cos θ 1) T E t , respectively. The connection between the fields incoming (in) and outcoming (out) from a homogeneous slab of thickness δ and dielectric permittivity ǫ is given by A out = M (K,δ) A in where
is the standard slab transfer matrix and K = k 0 ǫ − sin 2 θ. Therefore the fields at both sides of the graphene plane z = 0 are given by
By setting the matching condition at the graphene plane A 
By eliminating the amplitude E r , Eq. (2) is readily obtained.
Once the amplitude E t is evaluated from Eq.(2) at a given E i (and hence also E r is known), the above transfer matrix approach allows to evaluate the field in the cavity bulk. The optical intensity I within the cavity is the magnitude of the Poynting vector
Full-wave simulations. We have numerically evaluated the transmissivity and reflectivity of the considered TE mode in the optical cavity by resorting to the full-wave finite-element electromagnetic simulations (RF module, COMSOL). All the numerical simulations (whose results are reported in Figs.4c and 4d (dotted lines)) are carried out in the frequency domain and in 2D configuration. We have considered two vacuum layers placed at the facets of the silver slabs for providing optical external illumination and for evaluating transmission and reflection coefficients. We have adopted periodic boundary conditions along the x-axis imposing a Floquet phase shift boundary condition on the sides of the considered numerical domain. In addition, we have used matched boundary conditions at the entrance and exit facets (orthogonal to the z-axis) of the integration domain.
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